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Abstract
In this paper we consider the Cauchy problem for a nonlinear wave equation with linear damping and source
terms. It is proved that the solution blows up in finite time even for vanishing initial energy if the initial datum
(u0, u1) satisfies
∫
RN u0u1dx ≥ 0. Applications on various models are investigated also.
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1. Introduction
In this paper, we consider the Cauchy problem for the following nonlinear wave equation with damping
and source terms in RN , N ≥ 2,{
utt + aut − u = b|u|p−1u, x ∈ RN , t > 0,
u(x, 0) = u0(x), ut (x, 0) = u1(x), x ∈ RN (1.1)
where a, b > 0 are constants. For simplicity, we assume that a = b = 1. One can find easily that this
assumption does not affect our argument.
In the case of the initial boundary value problem in a bounded domain Ω ⊂ RN with the Dirichlet
boundary condition, the following blow-up results are known. Levine [1] showed that the solutions with
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negative initial energy are nonglobal for the abstract version of (1.1) with linear damping. Later Levine
and Serrin [2] considered the abstract version of (1.1), namely
(P(ut))t + A(u) + Q(t, ut ) = F(u), (1.2)
on appropriate Banach spaces, where Q is a damping term and F is a force. They proved that the solutions
blow up in finite time with negative initial energy under suitable assumptions on P , A, Q and F . Recently,
Vitillaro [4] showed the blow-up result for the abstract version (1.2) with positive initial energy. Very
recently, the author [5] proved that the solution blows up in finite time even for vanishing initial energy.
For the Cauchy problem, recently the following results were established (see [3]). If the initial energy
is negative and Np/(N + p + 1) < m < p, then the local solution blows up in finite time, where the
linear damping ut was replaced by nonlinear damping |ut |m−1ut . When 1 ≤ m < Np/(N + p + 1),
the solution blows up for a compact supported initial datum with sufficiently negative initial energy and∫
RN u0u1dx ≥ 0.
The main purpose of this paper is to extend the result in [5] to the Cauchy problem. Our main result
reads:
Theorem 1.1. Suppose that 1 < p < N+2N , u0 ∈ H 1(RN ) and u1 ∈ L2(RN ) have compact support. If
the nonzero initial datum satisfies
E(0) = 1
2
‖∇u0‖L2 + 12‖u1‖L2 −
1
p + 1‖u0‖
p+1
L p+1 ≤ 0,
∫
Rn
u0u1dx ≥ 0, (1.3)
then the corresponding solution blows up in finite time.
Remark 1.1. The special polynomial form of the source is not crucial, and the result can be extended to
a more general nonlinear force f (x, u). For example, f (x, u) = b|u|p−1u − µu with p > 1 and µ ≥ 0.
In [6], an elegant argument to show the solution to nonlinear evolution equations with vanishing initial
energy was given also.
Before going to the proof, let us recall the following local existence theorem.
Theorem 1.2 (Local Existence [3]). Let m > 1 and 1 < p ≤ N/(N − 2) if N ≥ 3, 1 < p, if N = 2.
Then for u0(x) ∈ H 1(RN ), u1(x) ∈ L2(RN ) with compact support, the Cauchy problem (1.1) has a
unique solution, such that
u ∈ C([0, T ); H 1(RN )) and ut ∈ C([0, T ); L2(RN )) ∩ L2([0, T ) × RN )
for T small enough.
The supremum of all T ’s for which the solution exists on [0, T ) × RN is called the lifespan of the
solution of (1.1), which is denoted by T ∗. If T ∗ = ∞, we say the solution is global, while it is nonglobal
if T ∗ < ∞, and we say that the solution blows up in finite time.
2. Proof of the main theorem
The method used here is completely different from previous ones. First we prove a lemma as
follows.
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Lemma 2.1. Suppose that Ψ (t) is a twice continuously differentiable function satisfying{
Ψ ′′(t) +Ψ ′(t) ≥ C0(t + L)βΨ 1+α(t), t > 0,
Ψ (0) > 0,Ψ ′(0) ≥ 0, (2.1)
where C0, L > 0, −1 < β ≤ 0, α > 0 are constants. Then Ψ (t) blows up in finite time. Moreover the
blow-up time can be estimated explicitly (see (2.3) below).
Proof. It is easy to see that we can assume Ψ ′(0) > 0. In fact, from equation (2.1), one can find that
there exists some t0 such that Ψ ′(t0) > 0; then we consider the problem for t > t0 with shifting initial
data Ψ (t0) > 0 and Ψ ′(t0) > 0.
Set
Φ′(t) = δ(t + L)βΦ1+α/2(t), Φ(0) = Ψ (0) > 0, (2.2)
where δ is a constant to be determined later. Then (2.2) can be represented as
Φ(t) =
(
Ψ (0)−α/2 − δα
2(β + 1)
(
(t + L)β+1 − Lβ+1)
)−2/α
.
It is obvious that Φ(t) is increasing and it goes to infinity as t tends to
T0 =
(
2Ψ (0)−α/2
δα
+ Lβ+1
)1/(β+1)
− L . (2.3)
On the other hand,
Φ′′(t) + Φ′(t)= δ2
(
1 + α
2
)
(t + L)2βΦ1+α(t) + δβ(t + L)β−1Φ1+α/2(t)
+ δ(1 + L)βΦ1+α/2(t)
≤ (δ2(1 + α/2) + δΨ (0)−α/2)(t + L)βΦ1+α(t)
≤ C0(t + L)βΦ1+α(t),
provided that δ > 0 is sufficiently small such that δ2(1 + α/2) + δΨ (0)−α/2 ≤ C0. Moreover we can
choose δ small enough such that
Φ′(0) = δLβΨ (0)1+α/2 < Ψ ′(0). (2.4)
Now we claim that
Ψ ′(t) > Φ′(t), for all 0 ≤ t ≤ T0. (2.5)
Otherwise, by the continuity of the solution for (2.1), and due to (2.4), one has Ψ ′(t) > Φ′(t), for t > 0
small enough, then there exists a t0, 0 < t0 < T0, such that
Ψ ′(t) > Φ′(t), 0 ≤ t < t0 and Ψ ′(t0) = Φ′(t0). (2.6)
So we have the equation for Ψ − Φ on 0 < t ≤ t0 as
Ψ ′′(t) − Φ′′(t) +Ψ ′(t) − Φ′(t) ≥ C0(t + L)β
(
Ψ 1+α(t) − Φ1+α(t)) ≥ 0,
which can be solved as
Ψ ′(t0) − Φ′(t0) ≥ e−t0(Ψ ′(0) − Φ′(0)) > 0.
This contradicts with (2.6). Therefore (2.5) is true, i.e., the solution to (2.1) blows up in finite time. 
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Proof of Theorem 1.1. Multiplying Eq. (1.1) by ut , after integration by parts, one has
1
2
d
dt
‖ut‖2L2 + ‖ut‖2L2 +
1
2
d
dt
‖∇u‖2L2 =
1
p + 1
d
dt
‖u‖p+1L p+1 .
So the corresponding energy to problem (1.1) is defined as
E(u)(t) = E(t)  1
2
‖ut‖2L2 +
1
2
‖∇u‖2L2 −
1
p + 1‖u‖
p+1
L p+1,
and one can find that E(t) ≤ E(0) easily from
dE(t)
dt
= −
∫ t
0
‖ut (s)‖2L2 ds ≤ 0.
If we let
Ψ (t) = 1
2
∫
RN
|u(., t)|2dx, (2.7)
where u is a solution construct in Theorem 1.2. One can see that the derivative of Ψ (t) with respect to
time
Ψ ′(t) =
∫
RN
ut udx (2.8)
is well defined and Lipschitz continuous. Moreover, one can get by (2.7) and (2.8)
Ψ ′′(t)=‖ut‖2L2 −
∫
RN
ut udx − ‖∇u‖2L2 + ‖u‖p+1L p+1
=−2
(
1
2
‖ut‖2L2 +
1
2
‖∇u‖2L2 −
1
p + 1‖u‖
p+1
L p+1
)
+ 2‖ut‖2L2 −
∫
RN
utudx + p − 1p + 1‖u‖
p+1
L p+1
=−2E(t) + 2‖ut‖2L2 −Ψ ′(t) +
p − 1
p + 1‖u‖
p+1
L p+1
≥−Ψ ′(t) + p − 1
p + 1‖u‖
p+1
L p+1 .
Now by the finite speed of propagation for Eq. (1.1) and Hölder’s inequality,∫
RN
|u|2dx ≤
(∫
RN
|u|p+1dx
)2/(p+1)(∫
B(t+L)
1dx
)(p−1)/(p+1)
,
where the constant L > 0 is such that
supp{u0(x), u1(x)} ⊂ {|x| ≤ L}
and B(t + L) denotes the ball with radius t + L centered at the origin. Therefore we have the equation
for Ψ ′′(t) as
Ψ ′′(t) ≥ Ψ ′(t) + p − 1
p + 12
(1+p)/2W (1−p)/2N (t + L)(1−p)N/2Ψ (1+p)/2(t) (2.9)
where WN denotes the volume of the unit sphere in RN . Then by Lemma 2.1 with 0 < (p − 1)N/2 < 1,
C0 = 2(1+p)/2W (1−p)/2N (p − 1)/(p + 1) > 0, (1 + p)/2 > 1 and (1.3), we see that Ψ (t) blows up
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in finite time. Therefore the lifespan of the solution is finite. By the expression of energy, the proof is
complete. 
3. Applications to other models
The method used in this paper can be written as an abstract version and can be applied to many other
models. We list some of them as follows.
1. Quasilinear wave equation of Kirchoff type with a dissipative term
utt − ‖∇u‖2L2u + ut = |u|p−1u x ∈ RN , t ≥ 0, (3.1)
2. A more general model
(|ut |l−2ut )t − div(a(x)|∇u|p−2∇u) + but = |u|q−2u in [0, T ) × RN , (3.2)
b ≥ 0, a(x) ∈ L∞(RN ) such that a(x) ≥ a0 > 0 almost everywhere in RN , and 1 < l < p,
1 < q < p ≤ NqN−q if N > q, 1 < q < p if N = q, 1 < q < p ≤ ∞ if N < q.
3. A problem in elasticity
(x)utt − div(C(x)∇u) + but = |u|p−1u in [0, T ) × RN , (3.3)
where u ∈ RN , 0 < (x) ∈ L∞(RN ;R+) and C(x) is a linear symmetric operator from R2N
to itself for all x ∈ RN , i.e., a tensor of rank 4 which can be represented as C(x) = (ci jkl (x)),
i, j, k, l = 1, . . . , N , and ci jkl ∈ L∞(RN ) and it is uniformly positive-definite in RN , that is,
(C(x)y, y) ≥ c0|y|2, for all x ∈ RN , y ∈ R2N with c0 > 0.
4. The polyharmonic operator
(0|ut |l−2ut)t + (−∆)Lu + ut = |u|p−2u in [0, T ) × RN , (3.4)
where 0 ∈ L∞(RN ;R+), and 1 < l < p, 2 ≤ 2L < p ≤ 2N LN−2L if N > 2L , 1 ≤ L < p/2 if N = 2L ,
1 ≤ L < p/2 ≤ ∞ if N < q.
Using the method established in the previous section, we can show that if the initial energy is vanishing
and
∫
RN u0u1dx ≥ 0, the corresponding solutions to (3.1)–(3.4) blow up in finite time.
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